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Abstract 

Boundary conformal field theory (BCFT) is a conformal field theory 
(CFT) on manifolds with a boundary. We can use conformal symme- 
try to constrain correlation function of conformal invariant fields. We 
compute two-point function of conformal invariant fields which live in 
semi-infinite space. For a situation with a boundary condition in sur- 
face z = z, our result agrees with what have been obtained recently 
using AdS/BCFT resuh. 
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1 Introduction 



The AdS / CFT correspondence [H [21 [3] , which enables us to study confor- 
mal field theory and non-perturbative quantum gravity at the same time, 
has been considered during the past decade . Holographic dual of a con- 
formal field theory defined in domain with a boundary was proposed in 
The main idea of AdS/BCFT correspondence was started with asymptot- 
ically AdS geometry with Neumann boundary condition on the metric as 
one approaches to the boundary [3]. The action of this theory is given by 
Einstein-Hilbert action with a negative cosmological constant which is added 
by boundary term [H O [6]. 

^ = / d^^V^iR - 2A) + / cfxV^K + Sm (1) 

levrG Jm SvrG Jqm 

where g and h are the 3D bulk and 2D boundary metrics. The second term 
is the Gibbons-Hawking boundary term [7], which is given hy K = h'^^Kah- 
Extrinsic curvature Kab defined by Kab = Van?, where n is the unit vector 
normal to dM. Sm is action of some matter fields on the boundary dM. The 
geometry is modified by imposing two different boundary conditions on the 
metric. By this method the boundary is divided into two parts dM = N^jQ 
where dQ = dN [4J. The metric has Neumann boundary condition on Q 
and Dirichlet boundary condition on N . The variation of the action ([1]) with 
respect to boundary metric hab leads to 

5S = I V^iKabdh'^' - KKbSh^'' - 8TrGT,bSh'''>)d^x (2) 

J Q 

where 

Shab 

Neumann boundary condition was imposed by setting coefficients of Shab to 
zero, so this equation is obtained 

Kab - habK = SirGTab (4) 

If the boundary matter Lagrangian is a constant, the action has the following 
form 



^ = TTTT^ [ d^^V^iR - 2A) + / d^x^{K -T) + Sm 
IbvrG Jm ottG Jqm 



(5) 
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T is interpreted as the tension of the boundary surface Q. With this bound- 
ary condition ( Neumann boundary condition on Q and Dirichlet boundary 
condition on N) the AdS geometry is divided into two parts and the gravi- 
tational theory hves in one part of this space. This modified geometry could 
provide a holographic dual for BCFT [3]. Boundary conformal field theory 
(BCFT) defined in domains with a boundary When CFT lives in semi- 
infinite space, one sector of conformal group is removed. For example, if we 
have a boundary condition on surface z = z i.e.{x + t = x — t) oi t = 0, time- 
translation. Boost and time-spacial conformal transformation are removed. 
So, two-point function in this situation is completely different from situation 
without boundary condition (free space). In this paper we study two point 
correlation functions of BCFT. By using some methods in conformal field 
theory [9], we calculated two-point function in semi- infinite spaces and our 
results agree with quantum gravity results [6] . The paper is organized as fol- 
low. In section (2) we build the representations of infinite conformal algebra 
in two dimensions [9j. In section (3) we calculate two-point function in free 
space. Then in section (4) we extended this calculation to the space with 
boundary conditions. Finally in section (5), we close by some concluding 
remarks. 

2 Representations of 2D conformal algebra 

In this work we calculated correlation function of conformal invariant fields 
which live in semi-infinite two-dimensional space-time. Firstly, in this sec- 
tion we build the representations of infinite conformal algebra in two di- 
mensions. Conformal algebra is constructed by two copies of non-centrally 
Virasoro (Witt) algebra [lO] 



where L_i (L-i), Lq (Lq) and Li (Li) are translation, dilatation and spacial 
conformal transformation (SCT) generators in z (z) direction respectively. 
The representation of conformal algebra is built by considering operators 
which are labeled by dilatations eigenvalues. Local operators are given by 




(6) 
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where 



U = e 



,zL-\+zL-\ 



(7) 
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From Eq.([6]) we note that [Lq, -Lq] = and [Lq, -Ln] ~ ([-^0) Ln] ^ Ln), 
so the representations of conformal algebra should be labeled by eigenvalues 
of these two operators (Lq and Lq). We introduce local operators which are 
simultaneous eigenstates of Lq and Lq. 

[Lo,0] = hO [Lo,0] = hO (8) 

where h { h) is left (right) conformal weight {h = ^^,h = where A 
is scaling dimension and s is spin) |10) . In the following, the irreducible 
representations of infinite conformal algebra are considered. We use the 
Jacobi identity 

[Lo, O]] = - [O, [Lo, Ln]] - [Ln, [O, Lq]] = n[0, L„] + h[Ln, O] (9) 

= {h-n)[Ln,0] 
[lo, [In, O]] = -[O, [Lo,Ln] - [Ln, [O M]] = n[0 ,Ln] + h[Ln, O] 
= (h-n)[Ln,0] 

The above relations show that L„ (Ln) thus lower the value of left (right) 
conformal weight h {h) while (L^n) raise it (n > 0). We demand that 
conformal weights is bounded from below, the primary operators are defined 
by these properties 

[Ln,Oj,] = [Ln,Op] = n>0 (10) 

By starting with a primary operators Op and using the relation Q, we can 
build a tower of operators. These operators form an irreducible representa- 
tion of the conformal algebra. 

3 Two-point function in free space 

We now turn to derive the consequences of conformal invariance to obtain 
correlation functions. In general, we expect a quasi-primary field O to be 
characterized by its conformal weights h and h (These fields are invariant un- 
der finite sub-group that is generated by sub-algebra L^i, Lq,Lq, Li, Li}). 
We would like to find the form of two-point functions of the conformal in- 
variant operators. Firstly, we find the form of the commutators [L„, O] and 

[Ln,0] 
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0{z,z)] = [Ln, UO{0)U-'] = [Ln, U]O{0)U-' + UO{0)[Ln, U''] (11) 
+U[Ln, O{0)]U-' = U{U-^LnU - Ln}O{0)U-' 
+UOiO){Ln - U-^LnU}U-^ + 5n,ohO{z,z) 

U is defined in Eq.([7]). By using the Hausdorff formula we get 

1 

= L„ + [L„,zL_i] + —[[Ln,zL_i],zL^i] + ... 
(n + D! 



and 



""'"^ ( J- ^\] 
fc=i ^ ' 

where z = x + t and 'z = x — t. From above relations, the Eq. flllh gives us 
[Ln,0{z,z)] = U{[L^,Om+5n,ohOmU-^ (14) 

Now we have [L-i,©] = dzO (L_i generates z-translation) . Hence we 
obtain (for n > — 1) 

[Ln,0{z,z)] = {z^+^d, + {n + l)hz^)0 (15) 



We can exchange L„ with L„ and using the above equations pT|) - p5|) . 
We get 



[Ln,0{z,z)] = {z^+^ch+{n + l)hz^)0 (16) 



From equations (llSp and (116p . we can constrain correlation unctions. We 
begin by considering two quasi-primary operators Oi{zi,zi) and 02(-Z2,^2) 
which have conformal weights {hi, hi) and (^12,^2) respectively. 
Two-point correlation function is defined as 
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G{ZI,Z2;Z1,Z2) =< I 0{ZI,ZI)0{Z2,Z2) I > (17) 

In this section, we calculated two-point function in the space without 
boundary condition. We are dealing with quasi-primary fields, so we get 
four equations which would constrain the form of the correlation function. 
Invariance under z and z translations implies 



< I G] I >= < I [L-i, G] I >= (18) 

2 2 

i=i 1=1 

=^ G{Z1,Z2;ZI,Z2) = G{Z,Z), Z = Zl - Z2, Z = Zl-Z2 

Invariance under dilatation of z coordinate that generated by Lq requires 



<0\[Lo,G{z,z)]\0>=0 (19) 

2 

=> ^{zid^. + hi)G = ^ {zid^^ + Z2d^^ +hi + h2)G = 
1=1 

^ {zd^ + /i)G = ^ G(z, z) = G{z)z-^ h = hi + h2 
Similarly, invariance under ;0-dilatation requires 



<0\[Lo,G{z,z)]\0>=0 (20) 

2 

=> ^{zid^i + hi)G = ^ (zi^^i + Z2^2 + ^1 + h2)G = 

i=l 

{zd^ + h)G = 0^ G{z, z) = z-~'z-'' h = \ + h2 

New information come from requiring SCT invariance which is generated by 
Li 

<0| [Li,G] |0>=0 (21) 

2 

^J2(zfd,,+2hiZi)G = 

i=l 

{{zi + Z2)zdz + 2hizi + 2h2Z2) = 

-(^1 + h2){zi + Z2) + 2hiZi + 2/1222 = ^ /li = /l2 
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and Li 

< I [Ii, G] I >= ^ hi = h2 (22) 

The final result is 

G{zuZ2;zi,Z2) = 6h,Mk„hM " ^2)-("^+''^H^i " ^2)-(^^+"^) (23) 

The above result is two-point function of two conformal invariant fields which 
live in free space [lO] . 

4 Two-point function in semi-infinite space 

In this section we calculate two-point function for semi-infinite space with 
different boundary conditions. 

4.1 Two-point function in space with boundary condition in 
surface z = (z = 0) 

We have a boundary condition in one dimension {z = 0), so z-translation 
and z-SCT ,which are generated by -L_i and Li respectively, are obviously 
removed. The reminded symmetry group for this situation is generated by 
subalgebra [L^i, Li, Lq, Lq]. (see for example [11] and [H]). 
Translation symmetry in z coordinate, gives us 

<0| [L_i,G] I 0>=0^G(zi,Z2;^i,^2) = G(z;zi,Z2) (24) 
Invariance under z-dilatation implies 

< I [Lo,G{z,zi,Z2)] I >= ^ G{z,zi,Z2) = Ci{zi,Z2)z''' (25) 

and invariance under z-dilatation implies 

<0| [Lo,G(z,zi,Z2)] |0>=0 (26) 
{zidz, +Z2dz2 +hi + h2)Ci{zi,Z2) = 

^C,{Z,,Z2) = Z-^''^''^^'!^) 

Z2 

where $ is an arbitrary function. Finally, invariance under z-SCT gives us 
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<0\[Li,G(z,zi,Z2)]\0>=0 ^ hi = h2 (27) 

The form of two-point function in semi-infinite space with boundary 
condition in z coordinate is given by 

We can exchange z with z and using the above equations ()24p - (j4ip . we could 
obtain 

G{z,,Z2;zuZ2) = zr^'^^'''^^(|)5^„^,(^i -^2)-^^^+"^) (29) 

The above relation is two-point function in semi-infinite space with a bound- 
ary condition in z coordinate. We can see, these results (|41|) and (|42|) are 
completely different from result (j23p . 

4.2 Two-point function in space with a boundary condition 
in surface z = z 

Now we consider a boundary condition on surface z = z i.e.{x +t = x — t) 
or t = 0, so time-translation, Boost and time-SCT are removed. These 
transformations are generated by -L„ — L„ (n = —1,0,1) generators. In 
this situation the reminded symmetry group is generated by one copy of 
non-centrally Virasoro algebra (£„ = Ln + Ln) [6]. 

\^ni -Cm] = [Lm ^m] + \Lm Ljn] = in — m){Ln+m + Ln-s^„i) = {n — m)-Cn+m(30) 

From Eqs. ijlSp . (|16p the form of commutator [£„, O] is given by 

[£„, O] = (z"+i5, + + (n + l)/iz" + (n + l)7^z")0 (31) 

From above equation one can calculate two-point function of two quasipri- 
mary operator Oi and O2 with conformal weights (/ii,/ii) and (/i2,/i2)- In- 
variance under x-translation implies (x = ^-^) 

2 

<0| [£_i,G(zi,Z2,^i,^2)] |0>=0^^(5,, +5jJG = (32) 

i=l 
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we make the ansatz 

G{ZUZ2,ZUZ2) = Gi{\zi - Z2\) + G2{\ZI - Z2\) + G^{\zi - Z2\) + ^4(1^1 " ^2|)(33) 

Invariance under dilatation which is generated by £0 requires 

<0| [£0,^(21,^2,^1,^2)] I 0>=0 (34) 
2 

^ ^{zidz, +hi + Zid^, + hi)G = 



1=1 



so 



{zid,, + Z2d,, + Ai + A2)Gi = (35) 
(zi% + Z2d^^ + Ai + A2)G2 = 
(zid,, + Z2d^^ + Ai + A2)G3 = 
{zid^, + Z2d,^ + Ai + A2)G4 = 



(36) 



where Ai = hi + hi. Final results for Gi are 



^1 - \,^_,l\A,+A, G2 ~ ^— ^ip^ (37) 

Spatial-SCT which generated by £1 gives new information, 

< I [£i,G(zi,Z2,zi,Z2)] I >= ^ Ai = A2 = A (38) 

Final result of Two-point function in this situation (boundary on surface 
z = z) is 



G{ZI,Z2,ZI,Z2) = \{-. ^ f2A=^T^ I2A (39) 

4 \ Zi — Z2 \ \ Z\ — Z2^ 

1 



+ ^ ^T5a) 



\z\- Z2 I -Zl - -Z2 P^' 

where the plus and minus signs correspond to Neumann and Dirichlet bound- 
ary conditions, respectively. We note that the above result agrees with corre- 
lation function of scalar operators has calculated from gravity dual of BCFT 

Now, we introduce new variable 
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C = "^""^ "^"!^ (40) 

\zi - Zi\\z2 - Z2\ 

Then the two-point function of BCFT may be written in the foUowing form 
G = [i „'5"?!!"^"?!,_ r]^^(C) (41) 

\Zl - Z2\\Zi - Z2\\Zi - Z2\\Z\ - Z2\ 

where 

F(C) = {constant)\{i^ + 1)^ ± C^] (42) 
The final form of the two-point function ()4ip agrees with result [8]. 



5 Conclusion 

We can use 2d conformal group to constrain correlation functions. Two- 
point function of conformal invariant fields in free space was found in [lOj . 
We obtained this result by using some methods in conformal field theory. 
Also by these methods we have computed correlation functions of conformal 
invariant fields which live in semi-infinite spaces. In this paper we have 
considered four different case: 

1. A system without any boundary condition. 

2. A system with a boundary condition on surface z = 0. 

3. A system with a boundary condition on surface z = 0. 

4. A system in semi-infinite space with a boundary condition on surface 
z = z or t = 0. 

The main results of this work are the explicit expressions for two-point 
functions of conformal invariant fields in semi-infinite spaces as given in 
Eqs. ([H]) . (|12]) and ([39j) . The result ([39]) agrees with the two-point function 
of scalar operators which was calculated from gravity dual of BCFT 
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